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ASPECTS REGARDING THE APPLICATION IN
MECHANICS OF CONCURRENCY CONDITION OF
THREE LINES IN A PLANE

RAZVAN BOGDAN ITU !, VLAD ALEXANDRU FLOREA?,
DOREL PETRICA VITAN?

Abstract: The paper presents aspects regarding examples of solving problems of
statics of rigid bodies, by application of concurrency condition of three lines in a plane. The
examples considered for problems of rigid body equilibrium subject to contact without friction,
have been first solved by mechanical considerations, and then, reducing the mechanical
problems, they have been solved by geometrical considerations, namely, the problem of
concurrency condition of three lines in a plane.
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1. INTRODUCTION

In classical mechanics, the state of equilibrium of a material body can be
defined from static or dynamic point of view, both being forms of mechanical
equilibrium.

Statics as a division of theoretical mechanics, studies the equilibrium
conditions of material systems under the action of applied forces, ignoring motion. The
static equilibrium of a material body is characterized by the lack of mechanical motion,
that is, there is no modification of its position in time. As opposed to mechanical
movement, static equilibrium is equivalent to the state of repose. The state of repose, as
well as the state of motion, can be absolute or relative, depending on the reference
benchmark. It is recommended for the statics to be approached deductively, starting
from the simplest mechanical model (material point), and ending with the system of
bodies — the mechanical model of the greatest complexity.
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From the point of view of the models of classical mechanics, statistics has two
divisions: statistics of the material point and statistics of the solid rigid body, which
extends in the case of body systems as well.

Three categories of problems generally occur in statistics, which differ
especially by the model of mathematical solving:

a) direct problem, in which the position of equilibrium of the material system
in study is supposed to be known, and in the case of its solving, determination of the
forces under the action of which the balance is carried out is followed;

b) reverse problem, residing in determining the equilibrium position of the
material system analyzed, when the forces acting on it are known;

¢) mixed problem, aiming at finding all the unknown elements that refer both
to the equilibrium position, and to the forces concurring to it being carried out, when
information is known both regarding the equilibrium position, and the forces.

We shall further consider examples of problems of equilibrium of the rigid
body, in which the equilibrium position is asked to be found. Concepts of mechanics
and geometry are used in solving. The problems in study are considered in a plane and
refer to the equilibrium of the rigid body subject to connections without friction.

2. EXAMPLES OF SOLVING FROM A MECHANICAL POINT OF
VIEW

In theoretical (classical) mechanics, the rigid solid body represents a
simplifying theoretical model, specific to this, by which one means a material body in
which the distance between two of its points is an (the distance between them is not
modified, that is, the solid body is not distorted), irrespective of the magnitudes of the
applied forces. Material bodies are not generally found in a free state, they are subject
to connections (forms of positioning in space that impose certain restrictions of a
geometric order).

As in the case of material points, for the study of the rigid body equilibrium,
subject to connections, the connections axiom is used, based on which the connection
is suppressed and replaced with corresponding mechanical elements (forces or
moments). After all the connections to which a solid rigid body is submitted are
suppressed, the following act on it: exterior forces and moments, directly applied,;
connection forces and moments.

While the reduction torsor in a point O (origin of the reference system) of
exterior forces is to(R, M, ), the reduction torsor in O of the connection forces is:

To(R ', M',). In this case, the vectorial equilibrium conditions will be:
R+R'=0, M,+M',=0, (1)

These two vectorial equations are equivalent to those scalars of equilibrium
(2), valid when:

R=X-T+Y-j+Z-k; R'=X"T+Y"j+2Z"k;
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My=M, -T+My -j+My -k; My'=M'y -T+M'y-j+M', -k

X+X'=0, Y+Y'=0, Z+Z'=0

My +M', =0, M, +M', =0, M, +M', =0’ @

The calculation algorithm of the reactions is the following:

- the connections of the solid rigid body are suppressed and, in their place, the
corresponding reactions are entered. The sense of these reactions is chosen in such a
manner, so that in the scalar equilibrium equations, the scalars of the reactions would
appear positive:

- a suitable reference system is chosen according to which the static scalar
equilibrium equations are written and solved. When from the calculation, the
magnitude of a reaction appears positive, that means that the chosen sense is the real
one. Otherwise, the respective reaction will have the opposite sense of the initial one.

Momentum equations are written as a rule in relation to the connection which
introduces the greatest number of reactions.

Example 1.

A 2/ long homogeneous AB bar of G weight stays with its ends on two inclined
planes, of a, respectively f angles in relation to the horizontal plane (Fig. 1). The
contact is without friction. Determine angle ¢ of the bar with the horizontal plane, for
the resting position, as well as the reactions.

Solving.

The bar is freed from connections, introducing the corresponding reactions in
supports 4 and B, then the scalar equations are
written in relation to the reference system
chosen in the figure.

X=N,sina—N,sin =0
Y=N,cosa—G+Nycos f=0 , (3)
My =-N,2lcos(a+¢)+Glcosp=0

Moving on to solving the system (3), -
we get: Fig. 1. The bar on the inclined planes

sino
N, =N, —
sin f#

NAcosa+NAS%nacosﬁ=G|~sinﬂ = NA:G‘SL[;

sin /3 sin(a + )

sin 8 . . 1
-G———"—"2I(cosacosp—sinasing)+Glcosp =0—— =

sin(a + f3) Glcosg
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2sin Bcosa —sin(a + f3)

sin(a + i -
L g Snlerh) _ sin(p-a)
2sinasin 2sina sin
sin(a+ﬂ)
And the reaction in B has the value:
N, =G— sin ’
sm(a +,B)

Example 2.

An ABCD board, homogeneous, of G weight, is suspended by a line, fixed in
point £ to a vertical wall, the 4 peak of the
board resting on the vertical plane as well, (Fig. 2). T y
Knowing that AB=BC = BE =a, determine the
resting position given by o angle, as well as the [a
connecting forces. Friction is ignored.

Solving. “

The board being freed from connections, and
choosing the reference system as in the figure, the z
following scalar equilibrium equations are obtained: ’

X=N,-Ssina=0
Y=Scosa-G=0 , 4 ‘

M, ESasin2a—Ga%cos(%—aJ=O A7

The calculations are made, obtaining: Fig. 2. Homogeneous board

N,=Ssina=0 )
sin o
N,=G =Glga
Scosa=G = S= G 4 cosa &
cosa
asir120¢—Gaﬁcos(z—ajzo~L =
cosa 2 4 Ga
2sin ¢ cosa \/5 \/E \/E 1
> (| —cosa+—sina [=0 =,
cos o 2 2 2 cos o

:2tga—%—%tga=0|-2 = 4dga-1-tga=0

= 1ga =% respectiv o = arctgl
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. 1 . L
Whence, with tga = 3 the tension in the line is:

G [y [ 1 10
S = =Gseca=G\l+tg’a =G l+|-| =G ]1+—=G—,
cosa & (3] 9 3

And the reaction of the vertical wall is:

1
NA ZGthZ:Gg.

Example 3.

A homogeneous 4B bar of G weight and 2/ long is placed inside a hemisphere
of a radius (fig. 3). Determine the 6 angle of the bar with the horizontal, in its resting
position, as well as the reactions, in supports A and D.

Solving. y

The bar is released from the
connections, by introducing reactions in ND B
supports 4 and D. Choosing the xOy 3/9
reference system, the scalar equations of o 14 Y X

equilibrium are:

X=N,cos20-N,sind@=0
Y=N,sin20+ N,cos0-G=0, (5)
M,=N,2acos@—Glcosd=0

/7

7/
Fig. 3. The bar inside the sphere

Next we have:
NACOSZQ—NDsin6’=0|-cos¢9
NAsin249+NDcos€—G=O|-sin0
N ,cos20cos@— N, sinfcosd =0
= . . . (+) =
N ,sin20sin@+ N, sinfcosf = Gsin @
= N, (cos260cos@ +sin20sinf) = Gsind =

sin@

= N,co0s(20—-0)=Gsin = N,=G——-=Gigb
cos
N, =N, CO.SZG :Gsm0 .09529 :GCOSZH
sind cosf sind cost
GC05292acosl9—Glcost9=0 = 2aco0s20—-Ilcosf=0 =

cosd
= 2a(2cos2 9—1)—lcos9=0 =
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[+~ +324°

= 4dacos’0—Icosf—-2a=0 = cosl=— 2
a

[+~ +32a°

For cos@z_g— only the root corresponding to the sign ,,+" is
a

valid.
The equilibrium is possible for cos 8 <1:

[+ +32a°
8a
whence, making the calculations, condition / <2a results, thus the C center of gravity
of the bar should be at the left of point D.
The reactions are:

2

N,=Gtgl, N, = Gzi (from M, =0, the system (5)),
a

Example 4.
The AB homogeneous bar, of G weight and 2/ long leans in A against a vertical
wall, and in D against the edge of another wall, located at distance a from the first one
(Fig. 4). The contact is without friction. Determine the angle € of the bar with the
horizontal plane in its resting position, similarly the reactions in supports 4 and D.
Solving.
The bar is released from connections, by introducing reactions in supports 4
and D, each reaction having as normal direction at the surface which does not have
singular point in the contact point. y B
In order to obtain projection equations as
simple as possible, the x4y reference system is x
. M
chosen, so that as many as possible forces would

owg &

be projected in real size. g
Scalar equilibrium equations are: y 2 //’/O/;/ A P //:-_ .
X=N,-N,sinf=0 &
Y=N,cos0-G=0 , (6) 7] ;’
MAENDL—Glcosezo .
cosd

Fig. 4. Homogeneous bar
We move to the solving of the system (6):
N,-N,sind=0
4 o St sin @
G = N,=G

Nycos0-G=0 = N,=—— cos@
cos@

2
G _a —Glcosé’:O-coze - cos39=% - cosgzi/%

=Gigl

cos@ cosl
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For the equilibrium to be possible:

i/%ﬁl, deci a<l,
2
[ )3 l
N,=G||—| -1, N, =G3—
a a

In the applications presented, the angles made by rigid bodies at rest have been
determined by mechanical considerations. In the following, the angles will be
determined reducing the problem of mechanics to the problem of concurrency
condition of three lines in a plane.

Reactions:

3. CONCURRENCY CONDITION OF THREE LINES IN A PLANE

Out of the principal methods of demonstrating concurrency of minimum three
lines in a plane, we mention the following:

1) using the definition of concurrent lines: for lines g, b, ¢ it is demonstrated
thata N b ={P},a N c = {Q} and that P = Q or, analogously, it is demonstrated that
a N b = {P} and that P € c.In the applications presented, the determination of the
angles made by rigid bodies at rest were determined by mechanical considerations. In
the following angles will be determined by reducing the mechanical problem to the
problem of the condition of competition of three straight lines in the plane.

2) using the collinearity of certain points: for lines a, b, ¢ it is demonstrated
that @ N b = {P} and Ceither O, R € c. If P, O, R are colinear, then a, b, ¢ are
concurrent in P.

3) using the converse of Ceva theorem.

4) using the concurrency of important lines in a triangle: we identify a triangle
where the given lines become medians, or bisectors, or heights or mediators.

5) analytical method.

6) vectorial method.

7) using the converse of Carnot theorem.

To determine the angles in the case of rigid bodies taken as example, in the
following, we consider that the support lines of
the forces (directly applied and of connection)
acting on the rigid body, should be concurrent.
The equations of the support lines will be
explained as the equation of line determined by
appoint and a direction (given slope).

We thus have for example 1 (Fig. 1), the
equations of these lines (Fig. 5):

. _ ) z
(Au) Ly =xega, () Fig. 5. Support lines, example 1
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(Bv):y—ZZsin(pz—ctgﬁ(x—Zlcosgo), ()
(Cz):lecosr/), )]
We stipulate that the three lines would be concurrent.
We remove y from the first equations:
xctga — 21 singpz—ctgﬂ(x— 2/ cos go) , (10)
We substitute (10) in x with its value of (9), and we get the condition that is
looked for.:
cigp - ciga —2sinp =—cig f(cos ¢ — 2 cos p), (11)
or:
- sin(f -«
ctga —ctgf _ (ﬂ ) (12)

clga —2Igp=cigf = gp= 2 2sinasin ’

For example 2 (Fig. 2) the equations of the lines (Fig. 6) are:
(Au):yzO, (13)
(Bv):y—lcosaz—tg(90° +a)(x—lsina) = 14)
= y=—(x—Isina)ciga +Icosa
(OZ):ngcos[Z—aj, (15)
2 4
We stipulate the condition that the three lines

are concurrent.
We remove y from the first equations, and

making the calculations:

—(x—lsina)ctga =—[lcosa =

= (x—lsina)ctgazlcosa-; , (16)
cosa

= —l=l= x=2lsina

sina
We SubStltute (16) pe x Wlth ltS Value IIl (15), Fig. 6. The board’ example 2

and we get the condition looked for:



Aspects Regarding the Application in Mechanics of Concurrency Condition ... 101

ZZsma:lT coszcosaJrsmzsma =

= ZSinaz%-T(cosaJrsina) =

,  (17)
. 1 . . .
= 2s1na=—(cosa+sma)|-2:> 4sinag =cosa +sina =

\S]

: 1
= 3sina=cosa = 3rga=1 = tgazg

For example 3 (Fig. 3), the equations of the lines (Fig. 7) are:

(Au):yzxtg2¢9, (18)

(Dv):yz—(x—a)ctgﬁ, (19)

(Cz):lecos@—acos%’, (20)

We stipulate that the three lines are
concurrent.

We remove y from the first
equation, making the calculations:

Fig. 7. The bar from example 3

xtg26 = —(x - a)ctg@ sau x(tg29 + ctg@) =actgl, (21)

Substituting x with its equation from (20), we get:

Icos@=acos20 sau 2acos’@—Icos@—a=0, (22)
It results:
2 2
cosg = LENE #3247 “18”2“ de unde 1+~ +324* <8¢ =1<2a, (23)
a

For example 4 (fig. 4) the equations of the lines (Fig. 8) are:

(Ax):yzO, 24)
(Du):y—atg@ztg(%o +0)(x—a) = y=—(x—a)ctg6’+atg9, (25)

(CZ):x=Icos¢9, (26)
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We stipulate that these lines are concurrent.
We remove y from the first equations and the following calculations are made:

—(x—a)ctg0+atg0 sau (x—a)ctg@zatg@ =
iy tgl + ctgb ) (27)
ctgl

We substitute x with its equation of (26), and we get:

B
lcosO@=a M = )
ctgl
' L’
- Zcosec.oseza(smé?JrC?SHJ ZAY"
sin 6 cos@ sind 5/ | 777 777
2 2 2 U o
N Icc?s Hzas1n'0+cos 0|~sin0 .28 ’ X
sin & sin & cos & NA z
/l
= lcos’f= 5 = cos39=% = g ;
cos
: 2]
= cosf= i/; Fig. 8. The bar for example 4
4. CONCLUSIONS

The paper presents aspects regarding certain examples pf solving problems of
statics of rigid bodies, by applying concurrency condition of three lines in a plane. As
examples, problems of rigid bodies equilibrium have been considered, subject to
connections without friction, first solved by mechanical considerations, and then,
reducing the problems of mechanics, by geometrical considerations. By the problem of
concurrency condition of three lines, angles have been determined, in the case of the
rigid body equilibrium position, subject to connections. To be noticed that the direct
applied forces and of connection, should be together a number of three, in order to be
able to apply the condition of concurrency of three lines in a plane.
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